
Math 117b - Homework 7

Instructor: Andrés Eduardo Caicedo

Due: March 1, 2007 at 1:00 pm.

This Homework is due either during lecture or in the course box outside
253 Sloan by Thursday March 1st at 1:00 pm. Refer to the grading policy for
additional requirements. The additional problem is optional.

1. Let T be an r.e. theory such that T `Q. Recall that T is ω-consistent iff
for every formula ψ(x), if

T `¬ψ(k)

for each number k, then T 6 ` ∃x ψ(x).

(a) Show that if T is ω-consistent, then it is Π0
3-sound.

(b) Suppose N |= T . Build a false Σ0
3-sentence ϕ “saying” that T + ϕ

is not ω-consistent. Conclude that ω-consistency does not imply Σ0
3-

soundness.

2. If T = Th(T ) admits an r.e. axiomatization and T is either complete
or inconsistent, T is decidable. In this exercise we look at what other
possibilities we may have.

(a) Let X be an arbitrary subset of N. Consider the language L =
{Ri : i ∈ N} where each Ri is a unary predicate symbol. Define the
theory TX as the deductive closure of the following axioms:

• ∃x∀y (x = y).
• If i ∈ X, the axiom ∃xRi(x).
• If i /∈ X, the axiom ∀x¬Ri(x).

Show that TX is complete, i.e., for any sentence φ, either TX `φ or
TX `¬φ. Show that TX ≡T X where, as usual, ≡T denotes Turing
equivalence.

(b) In general, the theory TX above does not admit an r.e. axiomatiza-
tion: If T is r.e. then Th(T ) is r.e. as well. Use exercise 4 from the pre-
vious homework to show that if T is r.e. and T `Q then Th(T ) ≡T 0′.

(c) Additional problem: Let X be r.e. Consider the following set of
axioms in the same language L as above:

• ∃x∀y (x = y).
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• For each i ∈ X, the axiom ∃x Ri(x).

This is an r.e. set of axioms. Let TX denote its deductive closure.
Show that TX ≡T X.

3. Given a sound r.e. theory, like PA, we can define a sequence of extensions
by setting T0 = PA, Tn+1 = Tn+Con (Tn). It is natural to wonder whether⋃

n Tn is complete, or at least decides each Π0
1-sentence. In this exercise

we show that this is not the case.

(a) Say that a set X of sentences is monoconsistent with a theory T iff T+
φ is consistent for each φ ∈ T . For example, {Con (PA),¬Con (PA)}
is monoconsistent with PA. For φ a sentence let φ0 be φ and let φ1

be ¬φ.
Show that if X is r.e. and monoconsistent with Q, there is a Π0

1-
sentence θ such that θi /∈ X, i = 0, 1.
[Hint: This is similar to the proof of Rosser’s theorem. Let R be
a primitive recursive relation such that X = {k : ∃mR(k, m)}. Let
δ(x, y) be a (∆0

1) binumeration of R in Q. Let θ be (Π0
1 and) such

that
Q`(θ ←→ ∀z (δ(pθq, z) → ∃u ≤ z δ(p¬θq, u))).

Check that θ works.]

(b) Say that a family {Tk : k ∈ N} of theories is r.e. iff the binary relation
φ ∈ Tk is r.e. For example, with Tn defined as above, {Tn :n ∈ N}
is r.e.
Show that if {Tk : k ∈ N} is an r.e. family of theories, then there is a
Π0

1-sentence which is simultaneously undecidable in all the theories
Tk.

4. In this exercise we show that there are recursively inseparable r.e. sets. For
T an r.e. theory such that T `Q, let Ref(T ) = {ϕ :T `¬φ}. Let X be
any set such that Th(T ) ⊆ X and Ref(T ) ∩X = ∅. Identifying formulas
with their codes, we can think of X as a subset of N. Show that there is
no formula binumerating X in T . Conclude that Th(T ) and Ref(T ) are
recursively inseparable, i.e., they are both r.e. and there is no recursive
set Y such that Th(T ) ⊆ Y and Ref(T ) ∩ Y = ∅.
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