
Math 117b - Homework 5

Instructor: Andrés Eduardo Caicedo

Due: February 15, 2007 at 1:00 pm.

This Homework is due either during lecture or in the course box outside 253
Sloan by Thursday February 15 at 1:00 pm. Refer to the grading policy for
additional requirements.

Let N = ({0, 1, 2, . . . }, +,×, 0, 1, <). Recall that a ∆0
0 formula is a first-order

statement in the language of N all of whose quantifiers are bounded. A formula
is in Σ0

1 way iff it is has the form ∃x1 . . . ∃xnφ where φ is a ∆0
0 formula, and it is

in Π0
1 way iff its negation is in Σ0

1 way. A relation R is Σ0
1 iff there is a formula

φ(x) in Σ0
1 way such that

R = {n :φ(n) holds in N};
we say that φ defines R. A function f is Σ0

1 iff its graph

{(a, b) : f(a) = b}
is a Σ0

1 relation. More generally, two formulas ψ(x) and ϕ(x) are equivalent iff
they define the same relation (the same definitions apply for k-ary relations and
functions, for k = 2, 3, . . . ); say that a formula is Σ0

1 iff it is equivalent to a
formula in Σ0

1 way, and similarly for Π0
1.

The c.e. relations are precisely the Σ0
1 relations, since any Σ1 (i.e., Diophan-

tine) relation is Σ0
1, any Σ0

1 relation is c.e., and the proof of the unsolvability of
Hilbert’s tenth problem shows that any c.e. relation is Diophantine.

The goal of this exercise is to see Gödel’s original argument showing that
the c.e. relations and the Σ0

1 relations coincide.

1. Show that the relations x|y (x divides y), x is prime, x ≡ y (mod z)
are Σ0

1. (We know “x is prime” is Σ1, but this requires the complicated
definition of exponentiation in a Diophantine fashion. To show that “x is
prime” is Σ0

1 is much easier.)

2. Use the Chinese remainder theorem to show that there is a Σ0
1 formula

ψ(x, y, z, w) defining a function (i.e., for all n,m, l there is a unique k such
that ψ(n,m, l, k) holds) such that for any finite tuple (q0, q1, . . . , qn) of
natural numbers there are numbers a, b such that

ψ(a, b, i, qi)

holds for all i = 0, 1, . . . , n.
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3. As a particular case of the general result, show that the function pn = nth

prime number, so p0 = 2, p1 = 3, etc, is Σ0
1. For this, show first that

the relation P (n,m) iff “m is the least prime bigger than n” is Σ0
1 and

notice that k = pn iff there is a sequence (a0, a1, . . . , an) such that a0 = 2,
an = k and for all i < n, P (ai, ai+1).

Recall the inductive definition of the class C of partial recursive functions as
the least class of functions f : A → N for some A ⊆ Nk and some k ≥ 1 such
that:

• C contains the zero and successor functions and, for each 1 ≤ i ≤ n, the
projection function Πn

i (x1, . . . , xn) = xi.

• C is closed under composition.

• C is closed under primitive recursion.

• C is closed under minimalization.

Recall that a c.e. set is the domain of some function in C.

4. Show that if f
.
: Nk → N is a partial function in C then it is Σ0

1.

In lecture we will show the converse of this result: Any Σ0
1 function is in C.

5. Conclude that the c.e. sets are precisely the sets definable by Σ0
1 formulas,

and the recursive sets are precisely the sets definable by Σ0
1 formulas that

can also be defined by Π0
1 formulas.
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