Math 116b - Homework 1

Instructor: Andrés Eduardo Caicedo

Due: January 22, 2007 at 1:00 pm.

This Homework is due during lecture by Tuesday January 22 at 1:00 pm. I
believe problem 4 may be slightly harder than the others, but I will be happy
to be proven wrong. Refer to the grading policy for additional requirements.

1. Show that there are 2% = |R| = |P(N)| non-isomorphic countable models
of Th(N). Recall the language here is L1 = {+, x,0,1,<}.

2. Let M = (M|, +nr, Xar,0n1, 1ar,<ar) be a model of PA. Let Sy be
the collection of subsets of |M| that are arithmetically definable over M.
Show that M' = (|M|,SM, 415 Xz, 0, Lag, <1\/[) is a model of ACA,.
Conclude that if ¢ is a first-order sentence in the language of arithmetic
and ACAgF ¢ then PAF ¢, i.e., ACAq is conservative over PA.

3. Let Z[X]* be the L;-structure of all non-negative polynomials in the ring
Z[X]. Here, given ag,...,a, € Z with a, # 0, we say that ag + a1 X +
<o+ ap, X™ > 0iff a,, > 0 and in general given p,q € Z[X], we say that
p>qiff p—q>0.

Show that Z[X]* = @, Robinson’s arithmetic, but that Z[X]* is not a
model of Th(N) (it is not even a model of PA).

4. (%) Let M = PA. A number n € M is non-standard iff for all m € N, M =
m < n. Show that if M 2 N then M contains non-standard numbers. Let
a be one of them. Show that the map

fZX|t - M

given by f(p) = p(a) is a well-defined embedding (i.e., injective homomor-
phism) of L;-structures.



