
Math 117b—Homework 1

Instructor: Andrés Eduardo Caicedo

Due: January 11, 2007 at 1:00 pm

This Homework is due either during lecture or in the manilla envelope outside
my office by Thursday January 11 at noon. Refer to the grading policy for
additional requirements.

1. Notation below is as in the enumeration theorem, stated in class. Contact
me if you need the statement or to clarify notation. I have simplified the
statement slightly from how it initially appeared on the website. Use the
enumeration theorem to prove the recursion theorem, also known as the
fixed point theorem: Let f : N→ N be given, and let h : N→ N be a given
recursive function. Then there is an index e such that

ϕf
e = ϕf

h(e).

We call ϕf
e (for such an index e) a fixed point

(ϕf
e : e ∈ N)

for h.

[Hint: Given f and an integer m, set s = ϕf
m(m), provided that ϕf

m(m) ↓.
In this case, set

ψ(m,x) = ϕf
s (x)

(i.e., ψ(m, ·) is the function ϕf
s ; recall that this may be a partial function),

and otherwise let ψ(m,x) undefined.

Use the s-m-n theorem (clause 5 in the statement of the enumeration
theorem) to find g recursive in f such that

ψ(m,x) = ϕf
g(m)(x)

for all m and x (i.e., for any m and x either both sides of this equality are
undefined, or else both computations converge and output equal values).

Given a recursive function h, let n be an index for the function h ◦ g, i.e.,
ϕf

n = h ◦ g; n is also called a Gödel number for h ◦ g (relative to f). Now
consider e = g(n).]
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2. Below, some functions are defined by means of a recursive procedure that
describes a partial recursive function in terms of another. (The absence
of a superscript means that the oracle f being used is the zero function.)
For each of these functions, apply the recursion theorem to obtain a fixed
point, determine whether this fixed point is a total function, and describe
what this fixed point is:

• ϕh(e)(n) =





0 if n = 0,
ϕe(n− 1) if n > 0 and ϕe(n− 1) ↓,
↑ otherwise.

• ϕh(e)(n) =
{

n if ϕe(n) ↓6= n,
↑ otherwise.
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